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NOMENCLATURE
cf == 27/ petis®, friction factor;
k, thermal conductivity;

Nz, e = gxf{te — to)ke, Nusselt number;

q = —ku{(8t/8y)w heat flux per unit area and
time at wall surface;
Rey = puexfp, Reynolds number (Rev, ¢ = peiteX/tie,

Res* = p*uex/p*);
1, absolute temperature;
w, v, velocity components in x-and y-direction:
w,  helium mass fraction;
x, ¥, co-ordinates along and normal to wall surface;
Ny density;
T shear stress.

Subscripts
e, outside boundary layer;
0, without helium injection;

w,
*

at wall surface;
s air properties based on reference temperature
(te + t2)/2.

PARALLELING an experimental program, an analysis was
performed to obtain solutions for the heat transfer and
flow characteristics of a two-dimensional stagnation-
point flow in which air is the main stream gas and
helium is injected into the boundary layer at the surface.
The differential equations and boundary conditions
describing the mass, momentum, and energy transport
in such a boundary layer are contained in [1] and will not
be repeated here. They are also identical with the bound-
ary layer equations for flow along a surface with uniform
pressure (flat plate) as given in the more easily accessible
[2], with the exception that a pressure gradient term dp/éx
has to be added to the momentum equation and that the
viscous dissipation term p(du/2y)? has to be dropped
from the energy equation, The partial differential
equations were converted into total ones by a similarity
transformation, and these then were put into the form of

1 These studies have been supported by the U.S.
Air Force, Office of Scientific Research under Con-
tract No. AF 49(638)-558.
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integral equations which were solved numerically on a
Remington-Rand Univac 1103 electronic computer [2].
Properties of helium-air mixtures required for the com-
putation were taken from [3]. Velocity, concentration,
and temperafure profiles as well as friction factors and
heat-transfer coefficients were obtained in this way. The
present note summarizes the results for the last two
parameters,

Fig. 1 presents the ratio of the actual friction factor ¢ to
the friction factor ¢s for the same thermal boundary
conditions, but with zero helium injection. This ratio is
plotted against the helium mass fraction at the wall, wy,
for parametric values of the temperature f, outside the
boundary layer and of the ratio of wall temperature #,, to
air temperature 7.. The friction factor ¢, itself can be
obtained from Table 1.

Table 1
te (degR) tufte $erov/(Reg, ¢)
392 03 09717
540 12 1-314
1000 g5 1-005
3000 025 0-8950
3000 0-50 1014
5000 0-25 09118
5000 0-50 1-028

It is interesting to observe in Fig. 1 that the friction
factor decreases only slightly with increasing helium mass
fraction wy or even increases for one set of boundary
conditions. This is in contrast to the situation for a flat
plate where the friction factor experiences a considerably
larger decrease with blowing. The relative insensitivity of
the stagnation-point results may be made plausible by
recalling that the fluid within the boundary layer is
subject to an accelerating pressure gradient. The effect
of the pressure gradient will be greater when the density
of the fluid in the boundary layer is relatively low com-
pared with the density of the fluid in the main stream.
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FiG. 1. Friction factor results.

The thus augmented acceleration tends to increase the
wall shear, and therefore opposes the direct action of
injection which tends to decrease the wall shear by
blowing the boundary layer off the surface. For helium
injection at the wall under conditions where 7w/t > 1,
temperature and concentration work together to give a
low fluid density near the wall. The effect of acceleration
wins out and, as shown on the figure, the result is an
increase in the friction factor. On the other hand, for a
highly-cooled wall, the density increase due to low
temperature tends to counteract the density decrease due
to the presence of helium. The effect of the external
pressure gradient is thus lessened and conditions become
more comparable to those for a flat plate. This may be
verified in the figure by noting that the greatest decrease

in ¢r occurs for the cases where the wall is most strongly
cooled. The velocity profiles, which are not reproduced
here, show for the same reason a considerable overshoot
in the boundary layer over the value in the free stream.
especially for the larger values of 1../¢..

Fig. 2 presents the heat-transfer parameter Ny,
\/(Rez, ¢) plotted over the helium mass fraction w, at
the wall surface. It can be seen that the heat-transfer
parameter decreases more strongly than the friction
factor. An initial increase over the value for zero injection
can be observed for some boundary conditions in the
region of small injection rates. It is due to the fact that
helium-air mixtures have a larger heat conductivity than
does air alone. For the present analysis, as in [1] and [2],
it was assumed that no air penetrates through the surface
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Fi1G. 2. Nusselt number results.
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into the interior of the wall. Corresponding to this
condition, there is a unique relationship between the
wall mass fraction wy, and the injection parameter
puwlw/ peter/(Rex, ¢) which is a dimensionless representa-
tion of the helium mass release putw at the wall surface
per unit time and area. The dashed curves and the scale
on the right-hand side of Fig. 2 present this relation for two
pairs of boundary conditions. For the other boundary
conditions covered in this analysis, the resulting curves
are contained between the two shown in the figure.

Fig. 3, finally, presents the ratio of actual heat flux ¢ at
the wall surface to the heat flux at zero injection rate
plotted over the injection parameter. In contrast to the
previous figures, where properties were always intro-
duced as they exist at the outer edge of the boundary
layer, the properties in the injection parameter of Fig. 3
are based on a reference temperature as defined in the
list of nomenclature. It should also be pointed out that
the heat flux g defined in the same list includes only
conductive transport from fluid to wall, and that the heat-
transfer coefficient used for the calculation of the Nusselt
number in Fig. 2 is based on this heat flux,
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Fi6. 3. Comparison of heat transfer with and without

blowing.

Fig. 3 contains, in addition to the results of the present
analysis, the results of two other investigations contained
in the literature [4, 5]. The results of Hurley, indicated by
upright crosses, are in their boundary condition fairly
close to our analysis for fu/te = 1-20 and 7. = 540°R
The agreement between both results is good except for
small values of the injection parameter, where Hurley
obtained a larger overshoot of the heat flux ratio over the
value 1 than did our analysis. In contrast, Baron’s
analysis resulted in considerably smaller heat flux ratios
as indicated by the inclined crosses in Fig. 3. A detailed
investigation and correspondence with Baron revealed

247

that this difference is caused by the fact that Baron used
in his analysis heat conductivity values as obtained from
equation (B.22), [4]; whereas we used for our calculations
heat conductivity values according to equations (1) and
(2) in [3] because they are in closer agreement with
experimental results. It appears, therefore, that the heat
flux into the wall is quite sensitive to the values of the
heat conductivity.

In [6], it was demonstrated that the friction factor
ratio ¢fjcs and the heat flux ratio g/g, as obtained by
analyses for injection of different gases into laminar
boundary layer flow of air over a flat plate can be
expressed with good approximation as functions of a
single parameter. This correlating parameter is formed
by multiplying the injection parameter as used on the
abscissa of Fig. 3 by the cube root of the ratio of
the molecular weight of air to the molecular weight of the
injected gas. It is also proposed in [6] to use the same
procedure for the prediction of heat transfer and friction
in stagnation-point flow. In order to check this procedure,
a curve has been plotted in Fig. 3 which is obtained from
Fig. 24 of [6] {or the larger scale Fig. 11 of {7]) by multi-
plying the abscissa values in that figure with the cube
root of the ratio of the molecular weight of helium to the
molecular weight of air. It may be observed that this
curve represents the results of Baron’s analysis fairly well,
but does not agree with Hurley’s and our own analysis.
A further indication of the fact that the proposed pro-
cedure does not work generally is obtained from a study
of Fig. 6 in [5]. In this figure, which presents the same
heat-transfer parameter as used in our Fig. 2 plotted over
the injection parameter, the water vapor results fall
between that for hydrogen and helium, a situation which
would not be predicted by the procedure of [6]. It appears
that water vapor is an excellent coolant for mass transfer
cooling of stagnation point flow.

The effects of thermal diffusion have not been included
in the forementioned analyses. Some recent papers (8, 9]
suggest that thermal diffusion can be important under
certain conditions, for instance, when the differences
between the wall temperature and main stream tempera-
ture are small. A research program, including analysis
and experiments, whose aim is to clarify this effect, is now
under preparation.
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TURBULENT HEAT TRANSFER IN A PARALLEL-PLATE CHANNEL
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THE purpose of this brief paper is to present analytical
results for the fully developed heat-transfer characteristics
of a turbulent flow in a parallel-plate channel with
uniform wall heat flux. The results were obtained by
integrating the energy equation utilizing a suitably
chosen eddy diffusivity for heat. The analytical method
parallels a prior study for the circular tube [1], and be-
cause of this, the details of the analysis will be omitted
here. The circular tube results of [1] have received strong
support from experiment (e.g. [2] and [3]). It is this good
agreement which has prompted the present extension of
the analysis to the paraliel-plate channel. Friction factor
results will also be given here.

The fully developed Nusselt numbers are presented in
Fig. ! as a function of Prandt]l number for the range
Pr = 07 to 100. The Reynolds number, which appears
as parameter, ranges from 10 000 to 500 000. The hy-
draulic diameter, D,, is equal to twice the spacing be-
tween the plates; while the heat-transfer coefficient # is
the ratio of the local heat flux to the local wall-to-bulk
temperature difference. U is the mean velocity.

The results of the present analysis appear as solid
lines on the figure. Also shown on the figure are dashed
lines representing McAdams’ [4] empirical correlation of
circular tube data

Nu = 0:023 Re®® Pro, )
This correlation is usually regarded as applying as a first
.approximation to non-circular geometries provided that
the hydraulic diameter is used. In addition, there are
dot-dashed curves which represent the analytically-
determined circular tube results of [1]; for Re = 10,
.only a single point was available and this is symbolized
on the figure by a blackened circle. Finally, there is
shown by triangles Deissler’s [5] analytical findings for
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FiG. 1. Nusselt number results.

the parallel plate channel, available only for Pr == 0-73.
Aside from the latter, the authors are unaware of other
analytical results for turbulent flow in a parallel-plate
channel.

Comparison of the solid and dot-dashed curves
indicates that the use of the hydraulic diameter is reason-
ably successful in bringing together the analytical results
for the two geometries. Additionally, Deissler’s results
for Pr = 0-73 are in good agreement with those of the
present analysis.



